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0 Introduction 


A. The object of study. Let k be a field and V* be a finite-dimensional graded k-vector 
space. The Buchsbaum-Eisenhud variety of complexes isg associated to V* is the scheme 
formed by differentials V making {V*,D) into a cochain complex. In other words, it is the 
closed snbscheme 


Com(l/*) 



(A)Gn Hom(r,r+') 

i 





The gronp GL(y*) = Y\iGL{y^) acts on Com(l/*) by antomorphisms. The scheme 
Com(l/*) has been stndied in several papers |Kej |DSj |MSj |Laj |Goj |Cnj where, in particnlar, 
the following remarkable properties have been fonnd: 


( 1 ) Com(l/*) is rednced (i.e., is an affine algebraic variety), and each its irredncible com¬ 
ponent is normal. 

(2) If char(k) = 0, then the coordinate algebra k[Com(G*)] has, as a GL(l/*)-modnle, 

simple spectrnm: each irredncible representation appears at most once, and one has 
an explicit description of the seqnences [a] = ..., of dominant weights for 

the GL{y^) for which the corresponding representation does appear. More generally, 
for any k the algebra k[Com(l/*)] has a distingnished basis and a straightening rnle. 

By definition, Com(l/*) is cut out, in the affine space Hi Hom(l/*, by a system of 

homogeneous quadratic equations corresponding to the matrix elements of the compositions 
A+i °Di. The complexity of Com(l/*) stems from the fact that these equations are far from 
being “independent”: we do not have a complete intersection. The goal of the present paper 
is to study a natural derived extension of Com(l/*) which is a derived scheme R Com(l/*), the 
spectrum of a certain commutative dg-algebra A*{V*). The dg-algebra A*{V*) is obtained 
by complementing the above quadratic equations by natural relations among them, then by 
natural syzygies and so on, see 1 11 .11 Alternatively, we can look at i?Com(l/*), in terms of 
the functor it represents (on the category of dg-algebras). From this point of view, points of 
i?Com(l/*) correspond to twisted complexes |BKj|Selj . see Proposition 11.1.31 We show that 
some of the classical properties of Com(l/*) are extended to i?Com(G*). 

There are several additional reasons for interest in i?Com(l/*). 

B. Derived moduli spaces. First, R Com(l/*) can be seen as a typical example of a derived 
moduli space. The program of derived deformation theory initiated by V. Drinfeld [Dr] and 
M. Kontsevich [Kolj |Ko2] . proposes that any moduli space (i.e., moduli scheme or moduli 
stack) A4. appearing in algebraic geometry is really a shadow of a more fundamental derived 
object RA4. which is a derived scheme or derived stack, in particular, (local) functions on RA4. 
form a sheaf of commutative dg-algebras ( 0 ^_a 4 , d) (in the case char(k) > 0 one should work 
with simplicial algebras). A consequence of this point of view for classical algebraic geometry 
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is that M (any classical moduli space!) carries a natural “higher structure sheaf’ which is 
the sheaf of graded commutative algebras = H^iO^j^) whose degree 0 component is 

The hrst step of this program, i.e., a construction of the RA4. in the hrst place, is by now 
largely accomplished, both in terms of dehning the dg-algebras of functions |CFK1] as well 
as describing the functors, represented by the RAi on appropriate (model or oo-) categories 
[Luj |TVej |Prlj . see |Pr2j for comparison of different approaches. 

However, the geometric signihcance (indeed the very nature) of the sheaves 0*j^ remains 
mysterious. Only in the simplest case of quasi-smooth derived schemes (called [0, l]-manifolds 
in [CFK2j i we have a meaningful interpretation, suggested already in [Kolj . In this case 
is situated in hnitely many degrees (as is essentially a Koszul complex), and the 

|Xli. = ^(-l)Vl(Oj„) 6 K„(M) 

i 

is the K-theoretic analog of the virtual fundamental class of Ai, see |CFK2] for a precise 
formulation and proof. 

Many of the equations dehning classical moduli spaces can be reduced to “zero curvature 
conditions”, i.e., to some forms of the equation = 0 dehning Com(l/*) (see [Cuj for an 
example of such reduction). The derived schemes i?Com(l/*) provide, therefore, stepping 
stones for access to more complicated derived moduli spaces. In fact, a closely related object, 
the derived stack Perfk (of perfect complexes of k-vector spaces), is used by B. Toen and M. 
Vaquie as an inductive step for constructing many such spaces in |TVa] . 

From this point of view, our results are suggestive of a general pattern that should hold 
for higher structure sheaves of many classical moduli spaces. That is, they suggest the 
following: 

• For moduli spaces Ai related to higher-dimensional problems (i.e., beyond the quasi¬ 
smooth situation), the sheaf of rings is typically not hnitely generated over Om = 
O^. See simple examples in 1 11.11 

• Nevertheless, the individual graded components Oji^ are hnitely generated (coherent) 
over Om, and one should be able to make sense of the statement that the generating 
series 

(0.1) F(t) = 6 K„(Mm] 

i 

is “rational”. For Ai = Com(H*) being the derived variety of complexes, we study, in 
Chapter [21 a similar generating series with Kq being understood as the representation 
ring of GL(V‘). 

C. Kostant’s theorem. The dg-algebra A*{V*) can be dehned as the cochain algebra of 
a certain graded Lie algebra n*(H*), see dU If we contract the Z-grading to the Z/2-grading, 
then the Lie superalgebras n*(H*) for all possible V* are precisely the nilpotent radicals of 
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all possible “Levi-even” parabolic subalgebras in the Lie superalgebras gl(m|n) (we refer to 
[Mu] for a discussion of Borel and parabolic subalgebras in this setting). For a parabolic p 
in gl(n), indeed in any reductive Lie algebra, the cohomology of the nilpotent radical n C p 
is found by the classical theorem of Kostant [Ko3j . In particular, this cohomology carries 
the action of the Levi subgroup M and each representation appears no more than once, in 
complete parallel with the property (2) above. 

Our main result. Theorem 11.3.71 states that the cohomology of any n*(I7*) with constant 
coefficients has a simple spectrum, as a GL(I/*)-module. Equivalently the cohomology of the 
coordinate ring of the derived variety of complexes has a simple spectrum. This statement 
can be seen as generalizing both Kostant’s theorem and the properties of the varieties of 
complexes listed above. 

The question of generalizing Kostant’s theorem to gl{m\n) and other reductive Lie su¬ 
peralgebras has attracted some attention |BSj [CKLj |CKWj |CZj |Couj . with the results 
so far being restricted to some particular classes of parabolics but treating more general 
coefficients. Unlike the purely even case, the problem of Ending the n-cohomology of arbi¬ 
trary finite-dimensional irreducible modules of g[(m|n) is very complicated. In fact, the 
generating functions for GL(U*)-isotypicaI components of H*{n,L^) are Kazhdan-Lusztig 
polynomials of type A (Brundan’s conjecture [Brlj proved in |CLWj with some features in¬ 
terpreted earlier in |Br2j|CWZ] L Our result for trivial coefficients p = 0 (and arbitrary 
parabolics) means that the correspondng KL polynomials are monomials with coefficient 1. 
We do not know if this can be seen from the geometry of Schubert varieties. 

D. Structure of the paper and the method of the proof. Chapter [1] defines the 
derived varieties of complexes, and puts them into two frameworks: the representation- 
theoretic framework similar to that of iKg ing and the Lie superalgebra framework, where 
various degrees are mixed together into one Z/2-parity. 

In Chapter [2]we study the cohomology of A*{y*), the coordinate dg-algebra of R Com(U*) 
(in the Lie superalgebra framework) at the level of Euler characteristics, proving that the 
Euler characteristic of each isotypic component of the cohomology is either 0 or ±1. This is 
done for several reasons. 

First, the evaluation of the Euler characteristic provides a logical intermediary step for 
our proof of Theorem 11.3.71 

Second, the proof at the level of generating functions is easy to understand conceptually. 
That is, in the case of the standard Borel subgroup, the Kostant cohomology with coefficients 
in k is easily found. This is based on the Cauchy formula 

(0.2) sp{y®w) ~ 0 s"(u) 0 s“(iu) 

\a\=p 


(simple spectrum decomposition) and the classical Kostant theorem with coefficients. This 
leads to a simple formula for the generating series as a rational function. The change of 
the Borel subgroup amounts to re-expansion of this function in different regions which is 
then analyzed in terms of adding formal series for the Dirac 5-function times a function of 
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smaller number of variables. In this way we get an explicit formula for the coefficients of 
the generating series (Theorem I2.3.2p which, after Theorem 11.3.71 is established, becomes 
a complete description of the cohomology of n (i.e., of the cohomology of the dg-algebra 

Third, the simple (rational) nature of generating functions here gives a reason to expect 
good rationality properties of the series flO.ip in more general algebro-geometric settings. 

One can view our proof of Theorem 11.3.71 as a “categorihcation” of the generating func¬ 
tion argument of Chapter [2l In particular, the role of the (5-function is played by the Lie 
superalgebra s[(l|l) which appears naturally in the context of an “odd reflection”. In fact, 
we use some rather detailed information about representations and cohomology of s[(l|l). 
This information is recalled in Chapter |3l Another subject that is recalled is that of mixed 
complexes, the algebraic analog of topological spaces with circle action, and especially the 
analog of the concept of equivariant formality of |GKM] . This formality concept allows 
us, sometimes, to identify the classes, in the representation ring, of the cohomology of two 
equivariant complexes without these complexes being quasi-isomorphic. 

The proof of Theorem 11.3.71 is given in Chapter 01 It is organized in a way parallel to 
Chapter 0] so that one can see how various simple steps involving generating functions are 
upgraded to spectral sequences, equivariant formality and so on. 


E. Self-dual complexes and other classical superalgebras. An interesting version of 
the variety Com(l/*) is obtained by considering self-dual complexes (also known as algebraic 
Poincare complexes, see na). For this, we assume that V* is equipped with a nondegenerate 
symmetric or antisymmetric bilinear form f3 of some degree n, so Id* is identihed with (ld**“*)*. 
We can then consider the variety Com(l/*,/5) formed by systems of differentials D = {Df) 
such that Di = This variety (and its natural derived analog) is similarly related to 

the Kostant cohomology (i.e., cohomology of nilpotent radical of parabolics) of other classical 
(symplectic, orthogonal) Lie super algebras. It is natural to ask whether our statement about 
simple spectrum extend to the Kostant cohomology with coefficients in k for other simple 
Lie superalgebras. For the classical case it may be approached by a method similar to ours, 
starting with the well known analogs of fl0.2p which decompose S^{S‘^{y)) and S'^(A^(ld)) 
as GL(ld)-modules with simple spectrum. 


We would like to thank J. Brundan for looking at the preliminary version of this paper and 
pointing out the relation of our results to the Kazhdan-Lusztig theory of |Brll IBr2( ICLWj . 
carefully explaining some details. We also thank C. Stroppel for bringing some additional 
references to our attention and K. Coulembier for pointing out an incorrect formulation of 
Proposition 13.2.21 in an earlier version. This work was supported by the World Premier 
International Research Center Initiative (WPI), MEXT, Japan and (M.K.) by the Max- 
Planck Institute fiir Mathematik, Bonn, Germany. The hrst named author would like to 
thank the MPI for hospitality, support and excellent working conditions. 
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Definitions and framework. 


1.1 The definition of RCom.{V*) and initial examples. 

We assume char(k) = 0 and denote by Corrib the category of cochain complexes X* of k- 
vector spaces with its standard symmetric monoidal structure, given by the usual tensor 
product of complexes and the Koszul sign rule for the symmetry 

W ® y ^ y O X*, (_l)deg(x) des{y)y ^ 

By a dg-category we mean a category C enriched in (Comk, 0), so for each two objects a,b E C 
we have a complex Horn* (a, b) with composition maps satisfying the graded Leibniz rule. In 
particular, a dg-category with one object pt is the same as an associative unital dg-algebra 
R* = Hom*(pt, pt) over k. We will be particularly interested in (graded) commutative, unital 
dg-algebras over k and denote by dgAlgj^ the category of such dg-algebras concentrated in 
degrees < 0. 

Fix a graded k-vector space V* as in the Introduction. Consider the graded vector space 

n* = n’(y) = 0Hom(y,W)[i-j] 
i<j 

(i.e., Hom(I/b W) is put in the degree j — i > 0). It is a graded associative algebra (without 
unit) and we consider it as a graded Lie algebra via the supercommutator 

[x,y] = xy - 

Let 

y = y (n = C^Lie(n-) = {S-{n*[-l]),d) 

be the Chevalley-Eilenberg cochain complex of the graded Lie algebra n*. We consider 
it equipped with the total grading, combining the grading induced by that on n* and the 
cohomological grading by the degree of cochains. With this grading A* a graded commutative 
dg-algebra situated in degrees < 0, i.e., it is an object of dgAlgj^, and 




(g)y(y 0(y+i)*) 


k 


JjHom(C\W+^) 


L i 


is the coordinate algebra of the ambient affine space for Com(C*). 
Definition 1.1.1. The derived variety of complexes is the dg-scheme 


RCom{V) = Spec(A*(y)). 


The name “derived variety of complexes” for i?Com(C*) is justihed by the following 
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Proposition 1.1.2. (a) The variety of complexes is identified with the scheme of Maurer- 
Cartan elements ofn*{V‘): 

Com(i/’) = {D en^\[D,D]=0}. 

(b) We have an identification of commutative algebras 

k[Com(l/*)] ~ WiA-) = □ 

Additionally, the name “derived variety of complexes” is justified by the following de¬ 
scription of the functor represented by A'iV*) on the category dgAlg,^. 

Proposition 1.1.3. For any {R,dR) G dgAlg,^ the set HomdgAigk(^*(^*))-R) naturally 
identified with the set of differentials 6 in R®V* of total degree -1-1 satisfying the following 
properties: 

(1) The Leibniz rule 

6{rm) = dR{r)m + (—l)'^®®^'’V(5(m), r & R,m ^ R® V*. 

(2) The filtration condition: 


i'<i 


(c) {dR®l + 6fi = 0. □ 

Remarks 1.1.4. (a) Doubly graded complexes with the above properties are known as 
twisted complexes, cf. |BK] |Selj . The construction of -RCom(l/*) can now be said to consist 
in passing from usual complexes to twisted complexes. 

(b) The bidegree (0,1) part of a differential 5 above, gives rise to i?-hnear maps Di : 
R ® R ® These maps commute with d and so induce if* (i?)-linear maps 

Di : H*{R) 0 P* —>■ H*{R) ® Further, the other components of d yield the following: 

• Each composition Di^iDi = 0, and therefore one can speak about the triple (matrix) 
Massey products (Dj+ 2 , A+i, A) : H*{R) 01/*—)- H*{R) 0 

• Each {Dj+ 2 , Dj+i, Dfi is equal to 0 modulo indeterminacy, and so one can speak about 

the quadruple Massey products (Zlj+ 3 , 11 ^+ 2 , A+i, Dj) : H*{R) 0 1/*—)- 0 

and so on, so that all the consecutive Massey products (Dj+p, • • • , Di+ 2 , Dj+i, Dfi are 
defined and equal to 0 modulo indeterminacy, see |Ma] . 

The cohomology of the dg-algebra A*{V*) can be seen therefore as consisting of “residual 
scalar Massey products”: its elements represent universal elements of H*{R) which can be 
constructed whenever we have a datum exhibiting the existence and vanishing of all the 
matrix Massey products. 
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We recall, see, e.g., |(1FK1] [TV^ that for any derived scheme X over k and any k-point 
X E X we have the tangent dg-space T*X which is a Z>o-graded complex of k-vector spaces 
dehned canonically np np qnasi-isomorphism. 

We denote by Vect the abelian category of k-vector spaces, by C(Vect) the abelian cat¬ 
egory of cochain complexes over Vect and by Ho(Vect) the homotopy category of C(Vect), 
which is the same as the derived category of Vect. 

The following property of R Com( V*) is analogons to similar properties of other derived 
modnli schemes [Ki] |(1FK1] . 


Proposition 1.1.5. Let D he a \i.-point of Com{V*), so that C* = (V*,Z1) is a complex. 
Then 


WTfyRCom{V) 


Homc(vect)(C'*,C'*[l]), z/ z = 0, 

HomHo(Vect)(C'*, -Fl]), if z > 0. 


In the case z = 0 this rednces to the description of the tangent spaces to the scheme 
Com(V*) given in |Cnt Prop. 17]. 

Proof: By dehnition, TJi?Com(V*) = Der^.(74*,k) is the dg-space of derivations A* —)■ k 
where k is considered as a dg-algebra over A* via evalnation at D. Looking at the space 
Homfc(I/*, W)* of free generators dehning A*, we identify, hrst as a vector space and 
then, more precisely, as a complex: 


Der^.(7P,k) = 0Homfc(W,W) = Hom^°(C'’, 

i<j 

Here the RHS is the degree > 0 part of the Horn-complex between C* and ^’[l]. The 
cohomology of this part of the Horn-complex is precisely the RHS of the identihcation claimed 
in the proposition. □ 

The goal of this paper is the stndy of the cohomology algebra H*{A*), i.e., of the Lie 
algebra cohomology of n*. 

B. First examples. Given a Z<o-graded commntative dg-algebra R*, we dehne 


H\R*) = H\R’) = 

i i 


Thns H^{R*) is a commntative algebra in the ordinary sense, and H^{R*) is an H^{R*)- 
modnle. We have the following natnral 

Question 1.1.6. Suppose R* is hnitely generated. 

(a) Is H^{R*) is hnitely generated as an algebra? Is H^{R*) hnitely generated as a module? 

(b) More generally, what is the algebro-geometric nature of the scheme Spec H^{R*) and 
of the quasi-coherent sheaf on this scheme corresponding to H^{R*)7 











It turns out that the answer to the first part is no, and algebras A*{y*) provide easy 
counterexamples. We have not seen such examples in literature. 

Example 1.1.7. Suppose that = k and all the other W = 0. We denote 

by u, u, w the generators of the 1-dimensional vector spaces Hom(E^, Hom(I/^, and 
Hom(E^, V‘^). The algebra n is then an odd version of the Heisenberg Lie algebra, spanned 
by u, V, w: 

deg(M) = 2, deg(u) = 1, deg(t(;) = 3, [u,v] = w, [u,v] = [u,w] = 0. 

Let x,y,z be the generators of A* dual to u,v,w, so 

A* = k.[y, z] 0 A[a;], d{z) = xy, d{x) = d{y) = 0, 
deg(a;) = -1, deg(|/) = 0, deg(^) = -2 

We hnd easily that the basis of H*{A*) is formed by the classes of ?/“, z^x with a, 6 > 0, with 
the product given by 

yayb ^ ya+b^ y‘^{z^x) = 0 , {z'’x){z^'x) = 0 . 

That is, H^{A*) = k[|/] is a polynomial algebra (hnitely generated) but H^{A*) is the inhnite- 
dimensional square-zero ideal spanned by the z^x, so it is not hnitely generated as a module. 
In particular, the full cohomology algebra H*{A*) is not hnitely generated. 

Example 1.1.8. Let = V'^ = = k, with all the other W = 0. Thus A* is 

generated by 

Xij, 1 < i < j < 4, deg(a;jj) = j - i - 1, 

with the diherential 

d{xi^i+i) = 0 , 

d{Xi3) = X12X23, d{x 24 ) = X23X34, 

d{Xi4) = X12X24 - X13X34. 

Separating the even and odd parts, we have 

= k[a;i2,a;23,a;34,a;i4] © k[a;i2, 0 : 23 , 0 : 34 , a;i4]a;i3a;24, 

= k[a;i2,a;23,a;34,a;i4]a;i3 © k[a;i2, 0 : 23 , 0 : 34 , a;i4]a;24- 


We write an elements of as f+gxi3X24 with /, (7 G k[a;i2,0:23,0:34,0:14]. Then the diherential 
d: A^ Hi can be written, in the functional notation, as 


df 

d{f + 9x43X24) = {X42X24 - X43X34)- -h fi'a;i 2 a; 23 a ;24 - fi'a;i 3 a; 23 a :34 = 


dx 


14 


= -3^34 


dx 


— X23X34g 


14 


^a;i3 + 


df \ 

Xl21^ - 1 - Xi2X23g ]X24- 

0 X 44 ) 
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Similarly, we write an element of as (pxi^ + t/’a; 24 , with E k[a;i 2 , 0 : 23 , 0 : 34 , and the 
differential d: —)■ as 


d{(f)Xi3 + %ljX2i) 


{( t ) Xi 2 X 23 + ^0:232:34) 



(90 

(9x14 


+ 2:34 


9-0 \ 

(9X14/ 


X13X24- 


The cohomology ring of A* is concentrated in even degrees and is inhnitely generated as 
an algebra, with generators given by the classes of cocycles X12, X23, X34 and e* = X14X23 — 
ix4/^Xi3X24, for i > 1 , and relations X 12 X 23 = 0 : 232^34 = 2:1261 = X 34 ei = 0 , CiCj = ei+jX23- 


1.2 Representation-theoretic framework. 

Note that the algebraic group GL(y*) = R. GLiVi) acts on the dg-algebra A* and thus on 
the dg-scheme -RCom(V^*). Let us introduce a representation-theoretic notation in order to 
analyze the action of GL{V*) on H*{A*). 

First of all, we can and will assume that the only possible non-zero components of V* are 
V^,, V"' for some n > 1. We denote r* = dim(l/*) and by r = ^ rj the total dimension of 
V*. We also denote 

60 = X] n, ri= ro + ri = r. 

i even i odd 

We recall that an irreducible representation of GL(W) is given by a highest weight q;9) = 
^ > ■ ■ -ari). We denote the representation corresponding to by (the Schur 

functor). 

An irreducible representation of GL{V*) = RGL(V^h)) is then given by a sequence 
[q;] = ..., of dominant weights for the GL{V^). We denote by 

n 

i=l 

the irreducible representation corresponding to [o;]. For any algebraic representation U of 
GL{y*) we denote by U[a] C U the [Q;]-isotypic component of U. 

Note that we can regard a sequence [o;] of weights for GLiy^) = GL{ri) as a single weight 
for GL{r). More precisely, for each integral weight / = (/i,... ,/3r) of GL{r) we will denote 
by 

[/] ((/l) • • • ildri)) (/ri+ 1 ) • • • )ldr\+r 2 )) ■ ■ ■ ) (/riH-hr„_i-|-l) • • • )/riH-|-r„)) 

the corresponding sequence of weights of the GL{rj). We say that (3 is block-dominant, if 
each component of [/] is a dominant weight for GL{ri). 

In addition, for any dominant integral weight jd for GL{r) we denote by S^(V^) the 
corresponding irreducible representation of GL{r), i.e., the result of applying the Schur 
functor y to V, the total space of the graded vector space V*. 

We will be interested in the following. 

Question 1.2.1. Which appear in H*{A*) and with which multiplicity? In other 

words, what are the multiplicities of the isotypic components Fr*(A*)[Q,]? 
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1.3 Lie superalgebra framework 

Every Z-graded Lie algebra gives after contracting the Z-grading to a Z/2-grading, a Lie 
snperalgebra. In particular, for each graded vector space V* as can consider n = n(lL*) as 
a Lie snperalgebra. Considered for all graded vector spaces V*, the Lie superalgebras n(l/*) 
are precisely the nilpotent radicals of all even parabolic subalgebras in all Lie superalgebras 
of type g[. We recall that a parabolic sub algebra is called even, if the corresponding Levi 
subgroup is a purely even (non super) reductive algebraic group. In the sequel all the 
parabolic subalgebras will be assumed even. 

Therefore Question 11.2.11 can be regarded as a super-analog of the classical question 
studied by B. Kostant: determine the cohomology of the nilpotent radical of a parabolic 
subalgebra in a semi-simple (or reductive) Lie algebra as a module over the Levi. 

However the setup of parabolic subalgebras is notationally quite different from that of 
graded vector spaces, because it is customary to consider different parabolic subalgebras in 
the same Lie snperalgebra g, something that is not natural from the point of view of §11 Let 
us describe this second setup, referring to |Mu] for general background on Lie supergroups 
and superalgebras. 

Fix 771^,1711 > 0 and let m = mg -|- mp Consider the Lie snperalgebra g = g[(mo|mi). 
A standard realization of g is as the space of m by m matrices B viewed as 2 by 2 block 
matrices 

B = ^ Mat(m x m, k), Bij G Mat(mi x mj,k). 

Let b C g be the standard Borel subalgebra formed by upper triangular matrices B. 
Standard parabolic subalgebras p D b are in bijection with decompositions 


mg = mi H-hmM, mj = mM+i H-hmM+w, rui > 0. 

Such a decomposition realizes each 5 G g as a block matrix ||Hp|l, i,j = 1,..., M + N, and 
p = p(mi,.. .,mM\mM+i, ■ • • ruM+Jv) = {B \ Bij = 0 unless i < j}. 


In addition, let tt G Sm+n be any permutation. We associate to it the 7r-permuted parabolic 
subalgebra 


pTT — p7r(?^l, • • • , • • • ^M+n) 


{B I Bij = 0 unless ■n{i) < vr(j)}. 


We denote by 


t^TT — ^71(^1, • • • , • • • fTlM+N) 


the nilpotent radical of p^. We will be interested in (even) parabolic subalgebras up to 
conjugation (in fact, up to isomorphism). Therefore it will be enough for us to restrict to 
the case when tt is a (M, A^)-shufHe as the case of a general vr is reduced to this one by 
conjugation, cf. |Muj . §3.3. 
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Example 1.3.1. The class of Borel subalgebras corresponds to the case when all ruj = 1, so 
M = mQ,N = mj. For an (M, A^)-shufHe vr we denote the corresponding Borel subalgebra 
simply by b^r and its nilpotent radical by Utt- 


Consider now the setting of that is, we have a graded vector space V*. Let us 
assume that each E* = k’’* is a standard coordinate space and put 

1 /g = 0 1/2* = k"5, El = 0 E 2 *+^ = k"!. 

Then we have an embedding of vector spaces 

(1.3.2) n = n{V) = 0Hom(E\E^') C 0 t(ro|ri). 

i<j 

Note that we can consider n as a Lie superalgera (again, by reducing the Z-grading modulo 
2). Then the embedding fll.3.2p is a morphism of Lie super algebras. 

Let mi,..., rriM be all the nonzero r 2 i written in the order of increasing i. That is, 

rrii = r,,., z/j even, i = 1 ,..., M. 

Similarly, let tum+i, ■ ■ ■ itim+n be all the nonzero r 2 i+i in the order of increasing i. That is. 


TUM+j = Tum+p J^M+j odd, j = 1, . . . , iV. 

In particular, we have exactly M + N nonzero spaces E*. We have then an (M, iV)-shuffle 
permutation tt G Sm+n which arranges the set {z/i,..., um+n} in the increasing order. With 
these notations, we have 


Proposition 1.3.3. The embedding fll.3.2p identifies ti(E*) with the nilpotent radical 

n7r(mi,... ,mM|nrM+i,... ,nrM+7v). El 


Let us also denote by 


M+N 

= £,,(mi, ... ,mM|mM+i,... ,mM+iv) = JJ G'L(mi) 

i=l 

the Levi subgroup corresponding to As usual, Sj-,, acts on Utt by conjugation, and Question 
ll.2.1l is equivalent to the following analog of the question studied by Kostant. 


Question 1.3.4. Which irreducible representations of Htt appear in the Lie superalgebra 
cohomology il*(n 7 r,k) and with which multiplicity? 


Example 1.3.5 (Kostant’s theorem). Suppose mi = 0, so m = mg, and therefore each 
(M, A^)-shufHe is trivial. This corresponds to the fact that each parabolic subalgebra in 0 [(m) 
is conjugate to a standard one p(mo,..., m^). We recall the classical result of Kostant which 
describes the action of i?(mi,..., mu) on the cohomolofy of n(mi,..., mM)) with coefficients 
in any irreducible representation of GL{m). 
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Theorem 1.3.6. Let £ = £(mi,..., jtim) = H^i GL{mi) and n = n(mi,..., uim) ■ Then 
for any integral dominant weight /9 = (/9i > • • • > (3^) we have an identifieation of St-modules 

uiGSh(mi,...,mM) 

Here pm = (m — 1, m — 2 ,..., 0), and Sh(mi, m 2 ,..., niM) is the set of (mi, m 2 ,..., niM)- 
shufftes inside the symmetric group Sm- For each such shuffle the weight w{l3 + pr) — Pr 
is block-dominant, and is the corresponding irreducible representation of 

n",Gi(m.). □ 

This has the following interpretation in terms of derived varieties of complexes. Suppose 
the degrees of all the nonzero components of V* have the same parity. Let mi,..., mA^- be the 
dimensions of all the nonzero in the order of increasing i. Then the graded Lie algebra 
n(y*) is identihed with the ungraded Lie algebra n(mi,...,mM) as a Lie superalgebra. 
Therefore we have an isomorphism of commutative Z/2-graded differential algebras 

= A*(n*). 

In particular. A* is hnite-dimensional. Further, Kostant’s theorem (case 13 = 0) implies that 
in this case the action of GL{V*) on H*{A*) has simple spectrum. 

Our main result is a generalization of this fact. 

Theorem 1.3.7. (a) For any graded vector space V* the representation of GL(y*) on 

H*{A*) has simple spectrum. 

(b) Equivalently, for any m^, mi > 0 and for any (even) parabolic subalgebra p C gl(mo|mi) 
with nilpotent radical n and Levi subgroup £,, the action of 2, on H*{n,k) has simple 
spectrum. 
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2 Euler characteristic analysis 


2.1 Formulation of the result and the nature of the generating 
function 

As a first step towards proving Theorem 11.3.71 in this section we prove the following Euler 
characteristic analog. 

Theorem 2.1.1. (a) For any graded vector space V* and any sequence [a] = ..., 

of Young diagrams, the Euler characteristic of the graded vector space 

HomGL(v.)(S[“l(E*),i7-(A*)) 


is equal to 0 or ±1. 

(b) Equivalently, for any (even) parabolic subalgebra p C g,{{mQ\mi) and for any irreducible 
representation Sl"! of of the corresponding Levi subgroup 2,, the Euler characteristic of 
the graded vector space 

Hom£(S[“],i7*(n,k)) 

is equal to 0 or ±1. 

We will prove the formulation (b). Let p = p^^ = p7r(?7 ii,..., • • •, ^m+v), 

where vr is an (M, A^)-shufHe and n = be its nilpotent radical. For each i = 1,..., M + N 
we introduce a vector of variables Sj = (sji, • • •, which are the coordinates in the 

maximal torus in GL{mi) and write 

(2.1.2) s = {si,..., sm+n) = {{sn, ■ ■ ■, ■ ■ ■, {sm+n,i, ■ ■ ■, sm+n, ”lM+iv)) 

for the corresponding element of the maximal torus of il = n^i"^ GL{mi), which we denote 
by T. Also we write i < j for 7r(i) < 7r(j). We will study the generating series for the (Euler 

TT 

characteristic) character of T on i7*(n, k): 

f’.w- Yl 

Here A can be seen as a character of the T and for any T-module U we denote by U\ the 
A-isotypic component of U. 

For any Young diagram a = (ai > • • • > am) G Z,™' we denote by aaizi,... Zm) the Schur 
polynomial corresponding to a. Because and i7*(n^) are il-modules, we can write 

nn = E C[a]CT„(i)(si) . . . (T^(m+n){sm+n)-, q„] =x(Hom£(S[“l,7f-(n,k))), 

with the sum being over sequences [a] of Young diagrams. 
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Proposition 2.1.3. The series -F^(s) is an expansion of the rational function 


n 


^Js) = 


i<j 

i,j<M or i,j>M 


rrij m. 

n n (i-s 

p=l q=l 


rrii ttla 

n nn(i- 

p=l q=l 

i<M<j or j<M<i 


in the region 


14 = {si |sjp| < |sjg| whenever TT^i) < 7r(j)}. 


Proof: Since the Euler characteristic of a complex is equal to the Euler characteristic of its 
cohomology, we have 


Now notice that 

and 

nE = 


4-^,1.) = 4-«[-l]) = 4*((n°)*)®A*((n{)*), 


0 Hom(k™%k" 


ni = 


0 Hom(k”^Sk”^4. 


i<j 

TT 

i<M<j or j<M<i 


i<j 

i,j<M or i,j>M 


Here k"^* is the standard representation of GL{mi) considered a direct factor of 2. Notice 
further that the character of Hom(k™’% k™-’ ) is statement now follows 

from the classical formulas for the characters of symmetric and exterior powers (summation 
of the geometric series). 

□ 

Our proof of Theorem 12.1.11 will be based on the following fact which will allow us to 
pass between different parabolic subalgebras of the same 0[(mo,mj)- It shows that in order 
to obtain the generating series i4(s) for all choices of parabolic subalgebra we need to 
understand how the expansion of $ 7 r changes when we go from one region to another. 

Proposition 2.1.4. (a) For any two {M, N)-shuffles tt, vr' the ratio of the rational func¬ 

tions <h 7 r(s)/<h^'(s) is a Laurent monomial in s taken with coefficient ±1. 

(b) More precisely, let tt and tt' be two (M, N)-shuffles that differ only by one transposition 
of neighboring elements, say i and j, i < M < j, so that 7i{j) = Ti{i) + 1 and therefore 
i<j and j <i. Then 

77 77' 

mi 

UsT; 




P=1 




n 

9=1 
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Proof: The numerators of and $ 7 ^' coincide. Further, all the factors in the denomiators 
also coincide except for the factors (l — in $,7 being replaced by the factors (l — in 
<h,r/. Our statement now follows by applying the identity 



We now prove Theorem 12 . 1.11 in several steps in the rest of this section. 


2.2 Standard Borel 

Let p = b = be be the standard Borel subalgebra of upper triangular matrixes in gl{mQ, mi). 
It corresponds to the tt = e being the identity permutation. In this case M = Tq and N = Vf. 
To simplify notation we will write s, instead of Sj^i. We have then 


( 2 . 2 . 1 ) 


$(s) = $e(s) = 


n 


n (1- 

M+l<i<j<M+N 


n 


i<M<j 


1 - 


and F{s) = Fg{s) is the expansion of this rational function in the region |sj| < |sj| for i < j. 
The two products in the numerators are the Vandermonde determinants: 


If (i-v) = p;„ = (0,l,...,M-l), 

l<i<j<M wGSm 


and similarly for the second product. Recall the Cauchy formula: 

a b 

(2.2.2) = \Ui\ < \Vj\, 

2=1 j=l a 

where the sum is taken over all partitions a = {ai > ■ ■ ■ > ai > 0), I = min(a, b). Recall 
also the Weyl character formula: 


aa{ui,...,Ua) = det(s“+^“)/det(s^“), = (a - 1 ,..., 1 , 0 ), 


where 


det(/) = (- 1 ) 




O&Sa 


Combining this together we obtain: 

Proposition 2.2.3. The expansion of ^{s) in the region ||si| < |sj| for i < j} has the form 


Oi w€Sj\^ 


where a runs over partitions (oi >■■■> eg > 0), I = min(M, N). □ 

This is an explicit Laurent series with coefficients ±1, and Theorem 12.1.11 for the standard 
Borel is proved. 
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2.3 Arbitrary Borel in 0 ((A|A). 

Let us assume that M = N and tt is an arbitrary [N, iV)-shuffle. We prove Theorem 12.1.11 
for p = b^r. 

A. Explicit formula for the generating series. In fact we prove a more precise statement 
identifying all the coefficients of the series En-(s). 

Recall that the roots of p have the form aij = e* — Cj G for i, j G {1,..., 2A}. A 
root aij is odd, if i < M < j or j < M < j. Further, atj is positive for b^, if vr(i) < 7r(j) . 
We denote 

6^ = aji 

i<M<j 

the sum of odd roots which are positive for b^ but negative for the standard Borel. 

Let S be the set of bijections {1,..., N} —)■ {N + 1,..., 2N}. First of all, for each 0 G S' 
we dehne the sign factor (—as follows. Take 2N points Oi,..., a 2 N on the unit circle 
in in the clockwise order but in general position otherwise. Suppose 0 G S' is given. For 
each i = 1,... ,N we connect aTr{i) with by an arc (straight line interval) in the disk. 

We dehne N{(I),7t) be the number of pairwise intersection points of these arcs. 

Next, for each </> G S we dehne the (0, vr)-sector ©(0, vr) C to consist of linear integral 
combinations 

(2.3.1) ^ ^ ^ ^ 0? 0* 

7T{i)<7T<l)(i) 7r(i)>7r0(i) 

Note the strict inequalities for the bi. Geometrically, ©(0, tt) can be viewed as the set of 
integer points inside a coordinate orthant of an TV-dimensional linear subspace in 
For A G Z^^ define 




(_l)A^(0>’r), if A g &{(f),7l), 

0, otherwise. 


Theorem 2.3.2. Let Ft,{s) = be the generating series for the Euler character¬ 

istics of the X-isotypical components o/iL*(n^,k). Then: 

(a) We have 

(t>eS 

where tti is the shuffle sending 1, 2,..., 2N into 1, A + 1, 2, A + 2,..., A, 2A. 

(b) The sum in the RHS of (a) is always egual to 0 or ±1. 
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The remainder of this section will be devoted to the proof of Theorem I2.3.21 We proceed 
by induction on the length of tt and on N. 

B. Base of induction: standard Borel. We hrst consider the case tt = e and arbitrary 
N. In this case the statement is deduced from Proposition 12.2.31 as follows. By putting 
0 = wv~^ and {3 = v{a + p^), we rewrite the RHS of the formula in the proposition as 
follows: 

^ / o. \/3i 

(2.3.3) • (sn+i,...,S27v)^'^ • JJ ( ^ ) ’ 

<t>&S i=l 

where is the set of integer vectors {(3i ,..., (3^) such that (3i > 0 and (3i ^ (3j for i ^ j. 

Observe that extending the summation in fl2.3.3p from to does not change the 

result. Indeed, if (3 is such that f3i = (3j for some i ^ j, then the monomial Hili 
is unchanged if we compose 0 with any permutation preserving f3. Therefore the sum of such 
monomials with coefficients sgn(0) will vanish. 

Observe further that for tt = e the number iV(0, e) is the number of “orders” of 0, i.e., 
of pairs {i < j) such that 0(i) < 0(j) and so (—^ (^_x)-^(^-i)/2 . sgn(0). 

We now note that h® = 0 and the series 

Aez2^ <t>es 

is precisely the series in fl2.3.3l) in which the summation over [3 is extended to 
This establishes the base of induction. 

C. Inductive step: the two expansions. We now assume that Theorem 12.3.21 is proved 
for a given (A^, A^)-shuffle tt and for all {N — l,iV — l)-shuffles r. Suppose \tt'\ = |7r| + 1 
and tt' and vr differ only by one transposition of neighboring elements, say i and j, as in 
Proposition 12.1.4I b). We show how to deduce Theorem 12.3.21 for tt'. 

We recall fProposition 12.1.3|1 that T0(s) = (s) is the expansion of the rational function 



7r(i)<7r(j) 


in the region 

R'tt = {|si| < \sj\ for 7r(0 < 7r(j)}. 

By inductive assumption, T0(’S) is given by the formula in Theorem I2.3.2f a). 

Let G^,{s) be the Laurent expansion of in the region t/^/. Because of Proposition 
12.1.41 G^, is a product of and a monomial with coefficient ±1, so we start by analyzing 
the coefficients of Gtt'- 
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The regions 11^, and are separated by one hyperplane H = {si = Sj} on which onr 
fnnction <h^(s) has a hrst order pole. To compare and we need therefore to stndy how 
the Lanrent expansion changes after crossing H, i.e., after replacing the condition \si/Sj\ < 1 
to \si/Sj\ > 1 while keeping the magnitndes of all the other ratios intact. For convenience of 
the reader we recall an elementary 1-dimensional sitnation of snch change. 

D. Laurent re-expansion via the h-function. Let C[[ 2 ;, 2 ;“^]] be the vector space of 
formal Laurent series Yl^=-oo ctn ^ C. We will use the series 


(2.3.4) 


00 


S(z) = 6 C[[z,z-^]] 


which is the Laurent expansion of the delta function at z = 1. Note that C[[z, z~^]] contains 
the two helds C((z)) and C((z“^)). For a rational function 0(z) G C(z) we denote by 
00 ^ *^(( 2 ;)) and 0OO £ C((z“^)) its Laurent expansions near 0 and 00 . Then, as well known, 


(2.3.5) 


1-z 


1-z 


= ^(^)- 


E. Laurent re-expansion of . Returning to our situation, let us view as a rational 
function on x with coordinates si,..., S 2 n and consider the space x with 
coordinates Sp,p 7 ^ i,j. Let zu : x —>■ x be the projection forgetting 

Si and Sj. We can use vu to dehne pullback vu* on rational functions as well as on formal 
Laurent series in the Sp. Let r G S 2 N -2 be the (A^ — 1, — l)-shuffle which arranges the set 

7 r({l,..., 2 iV}-{*,j}) = 7 r'({l,..., 2 iV}-{*,j}) 
in the increasing order. 

Lemma 2.3.6. (a) We have 

F« - Gj = (ra-Ff-i) . i(s./s,). 

(h) We have Ft,/ = —[si/sj)GTz'- 
Proof: Consider the diagram 


H 


X C 


N 


f^N-1 ^ 

where e is the embedding of H and rj is the composite projection. By inspection of fl2.2.ip 


we note that, first of all, d>j) (s) = 4/(s) , where T does not have pole along H. 

Further, we note that the restriction e*T = Tj/f does not depend on s* or s,-, more precisely. 


-1 


e*\tf = 7]*^ 


*/rN—1 
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Part (a) of our lemma follows from this and from fl2.3.5p . Part (b) is a particular case of 
Proposition 12.1.41 (b). □ 

We now define Ft^{s) = F^{s) = where cj is given by the formula of Theorem 

I2.3.2f a). and similarly for all other shuffles and other values of N. By Lemma 12.3.61 it is 
enough to establish the following. 

Proposition 2.3.7. We have an identity of formal series 

f? + {Sj/s,)F^ = . ti(sVsj). 

Proof: We refomulate the required identity in terms of coefficients. The coefficient of the 
LHS at a given is equal to 

(2.3.8) + S^) + lf,{X - aji - + <5^')). 

(t>es 

The coefficient at s^ in the RHS is zero unless A is of the form + ci7*/i where m G Z 
and /i G x in which case it is given by 

(2.3.9) +(R). 

i)&s' 

Here ri is the (iV — 1, iV — l)-shuffie dehned similarly to tti. 

We now write the LHS of Proposition 12.3.71 as the sum of two summands: 

- V + V) + 1*0 - an - V + V'))s" = E + E 

0e5 4>{i)=j 

The proposition will follow from: 

Lemma 2.3.10. (a) We have J2,j){i)=j — ■ 5{si/sj). 

(b) We also have = 0. 

Proof: (a) If (j){i) = j, then exactly one of the two summands in fl2.3.8p is nonzero. Indeed, 
looking at the dehnitions fl2.3.1|) of the (</>, tt) sector ©(0, tt) and the ((/>, 7r')-sector ©(0, vr'), 
we see that can appear only in the hrst summand of the condition for belonging to 
©(0, vr) and in the second summand of the condition for belonging to ©(0, vr'). Therefore it 
lies in exactly one of the two sectors. 

Let 

^ ; {1,..., AT - 1} ^ iV}-{z} A iV-1} 

where “mon” stands for the unique monotone bijection. 

Lemma 2.3.11. The element ft G Z^“^ x Z'^"^ will have equal to the nonzero sum¬ 

mand in fl2.3.8l) . 
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Indeed, by assumption 7r(j) = 7r(i) + 1 therefore the points Oj and aj on the circle will 
be adjacent. Further, because 0(i) = j, the points ai and aj will be joined by an arc, denote 
it [tti^aj]. Because ai and aj are adjacent, we can assume that [ai,aj] does not meet any 
other arcs [a^, a</,(fc)]. This means that N{(j),n) = iV('0,r). This proves Lemma [2.3.111 and 
therefore part (a) of Lemma 12.3.101 

We now prove part (b) of Lemma [2.3.101 More precisely, we claim that for ^ j, the 
two summands in fl2.3.8p are either both zero or are the negatives of each other. Indeed, if 
7 ^ j, then the point Oj on the circle is the endpoint of some arc [ap,ai\, and aj is the 
endpoint of some [aq,aj]. Interchanging i and j (to pass from vr to vr') will result in [ap,ai\ 
being redirected to aj and [a^, aj] redirected to ai. This procedure will change the total 
intersection number of arcs by 1 modulo 2. Lemma [2.3.101 is proved, and therefore Theorem 
I2.3.2l is established. 

2.4 Arbitrary Borel in q[{M\N). 

We want to establish the following. 

Proposition 2.4.1. Suppose that Theorem } 2.1. 1\ holds for all Borel subalgebras in all 0 l(M|M). 
Then it holds for all Borel subalgebras in all Qi{M\N). 

Proof: By Proposition 12. 1.41 validity of Theorem 12.1.11 for all Borel subalgebras in gl{M\N) 
is equivalent to the statement that all Laurent expansions of the function $ = <|>^’^ from 
fl2.2.ip have all nonzero coefficients ±1. Suppose M < N (the case M > N is treated 
similarly) and we know this statement for Let us deduce it for Denote the 

extra variable in by Sq- Then 


n (1-So/si) 

4)^+^’^(So,Si,...,SM+iv) = -<I)^’^(si,...,SM+iv). 

n (l-so/sj) 

j=M+l 

Let be the Laurent expansion of in some region U, and pg the 

expansion of in the region given by the same inequalities as U together with |so| < 

|sp|, p = 1,..., M + iV. Then 


F 


M+1,N 


= F 


M,N 


M M+N 

n n 

i=l j=M-\-l 


i + —+ -! + ••• 




SiSj 


This means that F^’^ is the sum of all the monomials in ^ypich are independent on 

Sq. So if p^+^F gii the nonzero coefficients ±1, then so does Fm,n- n 
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2.5 Arbitrary parabolic in g((mo|mi). 

We now consider the general situation of §2.1[ That is, we are given decompositions 

mo = mi H-h mM, mi = ttim+i H-h mM+N, mi e Z>o, 

an (M|A^)-shufHe n and denote by p^r = pn{mi ,..., mM\mM+i, • • •, mM+N) the corresponding 
parabolic subgroup and by its nilpotent radical. We rehne vr to an (mo, mi)-shufHe If 
by replacing each entry n{i), i = 1,..., M + N, with the set of integers in the interval 
[mi + • ■ ■ + mj_i + 1, mi + • • ■ + m*] taken in the increasing order. We denote by bn the 
Borel subalgebra in gl(mo,mi) corresponding to If and by Un its nilpotent radical. 

Let Ft^{s) and Tn(s) be the generating series of the Euler characteristic of T-isotypic 
components of iL*(n.n-,k) and iL*(nn,k) respectively. By Proposition 12.1.31 these series 
can be viewed as Laurent expansions of the two rational functions $ 7 r('S) and <hn(s), in 
the two regions Un,Un respectively. Note that after identihcation fl2.1.2p . Uu = {|si| < 
\sj\ for n(i) < n(j)} becomes a subset of U-,,^ so we can understand both and Fu as the 
Laurent expansions of and <hn in the same region Uu- 

Now, comparing the dehnitions and identifying the two sets of variables as in fl2.1.2p . we 
see the equality of rational functions 


M+N , 

Knw = n n 1 -^ 

i=l l<p<q<mi k *9 

Since the second factor in the RHS is a Laurent polynomial, this implies the equality of 
Laurent series 

M+N 

FnW = F+s)- n n 

i=l l^p<q^mi 

We now write, as in 1 12.11 

Ftt(^s) ^ ^ ('^l) • • • ('^AT+A^)7 ^ 

[Q]=(a(l),...,a(M+iV)) 

Note that for each i and each Young diagram the product 

Pa(i) (si) = (si) • n 

l<p<q<mi ^ ' 

is a Laurent polynomial with all nonzero coefficients equal to ±1 (Weyl character formula). 
Further, for different sequences [a] = the corresponding product polyno¬ 

mials 

(2.5.1) Pais) = PaW (Sl) . . . Pa(M+N) (Sm+n) 
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have disjoint sets of nonzero monomials. Therefore, if some C[q,] ^ {0,±1}, then some 
coefficient of the Laurent series ^n(s) will be different from 0 or ±1. But this is impossible 
in virtue of the results of ^2.41 Theorem 12.1.11 is now completely proved. 

To be more specihc, let p*^. = (0,... 0,1,... — 1, 0,... 0) be the weights with non-zero 

components only in positions from {mi + - ■ •-|-mj_i-|-2) to {mi + - ■ ■ + mi), for 1 < i < M+N. 
Assume also that mg > mj and complete the set of variables with s^+i, ■ • • S 2 mg as in the 
section 12.41 Then we have the following 


Corollary 2.5.2. 

ing shape 


where coefficients 


The generating function Ft,{s) for the Euler characteristic has the follow- 
-^vr(s) = ^ c[„]Cr„(i)(Si) . . . Cr„(M+JV)(sM+v), 

a&ZM+N 

O'—0 if i>M-\-N 
a. — block-dominant 


- 


M+N 

(pGS 


2 = 1 


23 





3 Recollections 


3.1 Mixed complexes and formality 

A. Topological motivation. Recall the notion of equivariant formality following |GKMj . 
Let X be a CW-complex endowed with an S'^-action. We write H*i{X) = H*{X ES^, k) 
for the S'^-equivariant cohomology of X with coefficients in k. The hbration X x^ ES^ 
BS^ gives rise to the Serre spectral sequence 

(3.1.1) = HP{BS\ H\X)) Hlt\X). 

Definition 3.1.2. We say that space X with the R^-action is equivariantly formal if the 
specral sequence (I3.1.ip degenerates at E 2 . 

We recall from |GKM] : 

Proposition 3.1.3. (a) X is equivariantly formal if and only if H*i{X) is a free module 
over H*{BS^) = k[ti]. 

(b) If X is equivariantly formal, then H*{X) ~ Hgi{X)/uHgi{X). 

B. Mixed complexes. A mixed complex is, by dehnition, a graded k-vector space C* 
equipped with two anti-commuting differentials d,6 of degrees (-fl) and (—1) respectively. 
See [Q. Alternatively, we may think of a mixed complex C* as a graded module over the 
exterior algebra A[d, 5] on two generators: d of degree -|-1 and 6 of degree —1. 

Given two mixed complexes C* and D*, the tensor product C* G)k D* of graded vector 
spaces has a natural structure of a mixed complex, with d and 6 extended by the Leibniz 
rule. 

A mixed complex can be seen as a linear algebra analog of a space X with an S'^-action. 
More precisely, let X be a smooth manifold with a smooth action of S^. Denote by 6 the 
vector held on X which is the inhnitesimal generator of the action. Then the space of 
invariant differential forms 

{n-{xf,d = dnR,S = te) 

equipped with the de Rham differential and the contraction with 6, is a mixed complex. 

Given a mixed complex {C*,d,6), we form a spectral sequence which is an algebraic 
analog of fl3.1.ip : 

(3.1.4) d2 = 5)^ HCP+''(C'*). 

Here HC*(C'*), known as the cyclic cohomology oi C*, is the cohomology of the total complex 
of the Connes double complex BC** dehned by {BCY^ = with vertical differential given 
by d and the horizontal one given by 6. In fact, fl3.1.4p is nothing but the standard spectral 
sequence (fEn) of BC** but re-graded by inserting zeroes at all odd levels, so that H*{C*) 
which normally constitutes Ei, appears as E 2 , see [Q. This motivates the following. 
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Definition 3.1.5. A mixed complex {C*,d,6) is called formal, if the spectral sequence of 
the double complex BC** degenerates at Ei or, what is the same, if the spectral sequence 
(13.1-ip degenerates at E 2 . 

Note that for the trivial 1-dimensional mixed complex k (in degree 0) we have 
(3.1.6) HC’(k) = k[M], deg(n) = 2. 

Therefore for each mixed complex C* we have that HC*(C'*) is naturally a k[M]-module. This 
action of u comes from its action on Connes’ double complex, which is the identification 
u : BC^'^ —)■ . The following is an algebraic analog of Proposition 13.1.31 

Proposition 3.1.7. (a) A mixed complex {C*,d,S) is formal if and only z/HC*(C'*) is a 
free k[u]-module. 

(b) If a mixed complex {C*,d,5) is formal, then H*{C*) = HC*(C*)/-uHC*(C'*). 

(c) If C* and D* are formal mixed complexes, then so is C* D*. 

Proof: If C* is formal, then we have HC*(C'*) = H*{C*) 0 k)^] (tensor product of graded 
k-vector spaces). This shows the “only if’ part of (a) as well as (b). Let us now prove the 
“if” part of (a). Suppose HC*(C*) is k[n]-free. 

Let a G H*{C*) be an element of the lowest degree with the property that some higher 
differential dr (with the lowest r), applied to a, is not trivial. Then dr{a) = for some 
m, with b G H*{C*). This implies that bu^ equals 0 in HC*(C'*). Note further that because 
of our assumption, b descends to an element in HC*(C*) which we denote b, and we have 
bu^ = 0. Because HC*(C*) is k[M]-free, it implies that 6 = 0. But this means that some 
higher differential is nontrivial on b, which is impossible since it has degree smaller than a. 

Finally let us show part (c). Notice that for any mixed complexes C* and D* we have 
an identification at the level of Connes double complexes: 

This gives the spectral sequence 

^2 = Tori^[“l(HC*(C'*),HC’(D*)) ^ HC*(C'* 0k ^•)- 

If C* and D* are formal, then the higher Tors vanish and we have an identification at the 
level of cyclic cohomology: 

HC(C'’0 kD’) ~ HC(C'*) 0kM HC*(D’), 

which implies that the LHS is free and so C* 0k D* is formal, by (a). 

□ 

Remark 3.1.8. One can also repackage fl3.1.4l) into a single graded spectral sequence, i.e., 
a sequence of single graded complexes 

(3.1.9) (E;, a,), deg(A,) = 1 - 2r, A^ = 0, E^^, = Hl{El), 
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built from the same principles as fl3.1.4p but without introducing several copies of the same 
space. Explicitly, 


E* = C*, Ao = d, E\ = E[*{C*), Ai is induced by 6 etc. 

Thus, C* is formal if and only if all the A^, t > 1, are zero. Note that if some E* is nonzero 
in only hnite range of degrees, then [Er) converges, and so we have a well dehned term 

C. Indecomposable mixed complexes. Note that mixed complexes, i.e., graded A[(i, 5]- 
modules, form an abelian category. In particular, we can speak about direct sums, indecom- 
posables etc. It turns out that classihcation of mixed complexes is a tame problem of linear 
algebra. 

Proposition 3.1.10. Let C* be an indecomposable mixed complex which is a union of finite¬ 
dimensional mixed subcomplexes. Then C* is isomorphic to one of the following: 

(1) The 4-dimensional “diamond” module D (the free rank 1 module oner A[(i, 



'I'O 


(2) Four types of finite-dimensional “zig-zag” modules En{a,b), n > 1, where a and b are 
the first and the last arrows respectively in the diagram 

6 d 5 d 

Vi --- Vi-I -- Vi^i --- Vn , 

and can be either d or 6. The dimension of the module is N = 2n if a = b, and 
N = 2n — 1 if a y^b. 

(3) Five types of infinite-dimensional “zig-zag” modules: 2 unbounded on the left side Ii{d) 
and Ii{6) with the last arrow d and S respectively, 2 unbounded on the right side Ifid) 
and Ir{d) with the first arrow d and 6, and module I unbounded on both sides. We will 
denote by Vq a generator of the vector space at the end of the “zig-zag”. 

Proof: This follows from a more general result about indecomposable modules over sl(l|l) 
with grading liftable to a Z-grading, see 1 13.21 

□ 

We can describe formality of a mixed complex in terms of its indecomposable components. 

Proposition 3.1.11. (a) The mixed complexes D, I, Fn{d,d), Ifid) and Ifid) are d- 

acyclic. Thus the spectral seguence fl3.1.4p for any of these modules vanishes, and 
the modules are formal. 
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(b) The total d-cohomology space of each of the mixed complexes Fn{d,S) and Fn{6,d) 
is one dimensional, generated be the class of V 2 n and Vi respectively. Hence all the 
differentials Xr, r > 1, vanish and the mixed complexes are formal, with 

HC’(F„K5)) ~ k[M] • [V2nf HC%Fn{5,d)) ~ kM ■ h], 

(c) The total d-cohomology of each of the the mixed complexes Ii{6) and Ir{S) is one dimen¬ 
sional, generated by the class of vq. In particular, these mixed complexes are formal 
and HC*(J*(5)) ~ k[M] • [vo], 

(d) The total d-cohomology of the mixed complex Fn{S, 6) is two-dimensional, generated by 
the classes of Vi and V 2 n- The differential Xi = 0 for i n, while A„([u 2 n]) = bi]- In 
particular, Fn{6,6) is not formal, with HC*(F„(5, 5)) ~ k[u]/{u"‘) ■ [vi]. 

Proof: Follows by directly applying the definitions of the higher differentials in the spectral 
sequence of a double complex. More precisely, the r-th differential in the spectral sequence 
of {d, 5) is obtained precisely by considering length 2r “zig-zag” patterns of elements under 
d and 6. □ 

Corollary 3.1.12. Let C* be mixed complex which is the union of finite-dimensional mixed 
subcomnlexes. Then C* is formal if and only if it does not contain indecomposable summands 

oftypeFn{6,6). □ 

D. Spectral morphisms. Connes’ double complex BC** of a mixed complex C* can be 
viewed as the polynomial space C*[u\ = C* k[M] with the differentials d = d ® 1 and 
u5 = 5 ® u. We will also consider the periodized Connes complex which is the space of 
Laurent polynomials C*[u,u~^] equipped with the differential d -f u6. It is analogous to 
the construction of localized equivariant cohomology for spaces with S'^-action and to the 
construction of periodic cyclic cohomology of k-algebras [Q. Note that the periodized Connes 
complex is a complex of k[n, M“^]-modules, and 

IId+usC*[u,u-^] = HC’(C'’)[n-i] ;=HC’(C'’)®kMk[n,n-i]. 

Definition 3.1.13. Let / : —>■ C* be a morphism of mixed complexes. We say that / is 

a spectral morphism, if the induced morphism of complexes of k[M, M“^]-modules 

/* : (C*[u,u~^],d-\-u6) —> (C*[n, d-|- 

is a quasi-isomorphism. 

Proposition 3.1.14. LetCi andC 2 be formal mixed complexes having the total d-cohomology. 
finite-dimensional. Let f : C* ^ C* be a spectral morphism. Then 

d\mH~\Cl) = dimi7°(C'*), dimiL^(C'’) = d\mH~\Cl). 

More precisely, for each of these egualities, there are canonical filtrations in the vector spaces 
in the left and right hand sides and canonical isomorphisms between the guotients of these 
filtrations. 
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Note that the dimensions of individual cohomology spaces and may be 

different. 

Proof: Using Proposition I3.1.7f b). we reduce to the following. 

Lemma 3.1.15. LetP,Q be free finite rank modules over \i[u\, and^: P he a morphism 
of modules which becomes an isomorphism after tensoring with k[M, u~^]. Then the fibers 
Po = P/uP and Qq = Q/uQ have natural filtrations such that the coefficients of the Taylor 
expansion of $ near u = 0 define a canonical isomorphism between the associated graded of 
these two filtrations. 

Proof: We choose trivializations P ~ Pq ^ k[u] and Q ~ Qo ® kl^], and then we can 
speak about the Taylor expansion, i.e., representation of as a matrix polynomial $(«) = 
with : Po —t Qo- The linear operators do in general, depend on the choice of 
trivialization. However, $0 : Po —)■ Qo is canonically dehned as the map of hbers. Further, 
$1 descends to a canonical map : Ker(<Fo) —)■ Coker(<Fo). Then, similarly, $2 descends to 
a canonical map (j) 2 '- Ker(0i) Coker(0i) and so on. These maps are canonical because 
“each Taylor coefficient is canonically dehned modulo the previous ones”. Alternatively, it 
is easy to verify the compatibilty of the fir with changes of trivialization. Eventually, for 
some r, we must have Ker(0^) = Coker(0j,) = 0 because <F(m) becomes an isomorphism at 
u 7 ^ 0. This means that fir- Ker(0r_i) —)■ Coker(0r-i) is an isomorphism. Further, consider 
the hltrations 

Po D Ker(<Fo) D Ker(0i) D ■ • ■ D Kei^fir-i), 

Qo P> Ir-i Ir -2 T) ■ ■ ■ Iq, Ip '■= Ker(Qo Coker( 0 jy)). 

We see that the maps fiy dehne isomorphisms 

Ker(0^)/Ker(0j,+i) —t A_|_i/A. □ 

Remark 3.1.16. A classical topological situation motivating the concept of a spectral map 
is the localization theorem in S'^-equivariant cohomology |GKM] . Suppose X is an equiv- 
ariantly formal hnite CW-complex with an S'^-action, and P = is the hxed point locus. 
Then the restriction map Pl^fiX) P*i(P) becomes an isomorphism after tensoring with 
k[M, u~^] and and the total dimensions of the usual cohomology spaces of X and F are equal, 
while the dimensions of the individual cohomology spaces may be different. 

Corollary 3.1.17. Let C*,^* formal mixed complexes equipped with an action of an 
algebraic torus T (commuting with the differentials), and f: ^ C’ be a spectral morphism 

compatible with the action of T. Suppose that for each character x of T the x-'lsotypical 
components of H'{Ci) are finite-dimensional. Then H^iCi) is isomorphic to H^{C 2 ) as a 
T-module, and similarly for H\{Ci) andH\{C 2 ). □ 

3.2 Representations and cohomology of 51(111) 

The Lie superalgebra 5 l(l|l) is interesting for us for two reasons. First, mixed complexes 
can be seen as particular representations of 51(111). Second, we will use s[(l|l) to perform 
“odd reflections” relating non-conjugate Borel subalgebras in Q[{mo,mi). 






A. Basics on s[(l|l). We recall, see |FKV] for background, that the 51(111) has the basis 


H = 



Q+ 




with H being even, Q± being odd and with the commutation relations 

[Q+,Q_]=i7, [i/,g±] = o. 

In other words, 5l(l|l) is an odd Heisenberg algebra. Note that we have isomorphisms of 
associative superalgebras 

(3.2.1) t;(sl(l|l))/(ff) ~ A|(J+,Q_] ~ A[o!.<], 

where the RHS is the Z-graded algebra whose graded modules are mixed complexes. 

B. Indecomposables. We now recall the classihcation of indecomposable representations 
of 5[(1|1), adapting the results and notation of [Le], |Gej . |FKVj from the case of g[(l|l). 
See also |GQS| . Call a representation of 5l(l|l) liftable, if its Z/2-grading can be rehned to 
a Z-grading so that deg(g±) = ±1. Note that a liftable representation can be extended to 
a representation of 0 [( 1 | 1 ), the matrix diag(l, —1) complementing s[(l|l) to gl(l|l), acting 
as the degree operator. 

Proposition 3.2.2. Let V be a liftable indecomposable finite-dimension representation of 
51(111). Then, up to possible change of parity, V is isomorphic to one of the following: 

(I) The trivial 1-dimensional module k. 

(E^) The 2-dimensional module Vi 

(E~) The 2-dimensional module Vi^ — V 2 

/ s , , , , * 5 + 

(Ea) The 2-dimensional module Vi < 

Q- 

(EI°) The 3-dimensional module vi^ — V 2 - 
(IE) The diamond module (with H acting 


(with g_ acting by Oj. 
(with g+ acting by 0). 

, with Hvi = Xvi, i = 1,2. 

, with H acting by 0. 

by O; 
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(Z) Four types of zig-zag modules 




= { i., 


Q+ Q- 

-- 


Z2P+1 = { -^V2 ^ -^ 

Z^P+^ = {V^^V2^ ■■■ 


Q- 

Q+ 

Q- 

-V2p }, 

^- V2p-2 

-^ V2p-1 


Q+ 

Q- 

Q+ 

'V2p }, 

-^ V2p-2 ■ 

^- V2p-1 ■ 


Q- 

Q+ 


Q- 

V2p-2 ^- 

■ V2p-l -> 

■V2p- 

^ - V2p+1 

Q+ 

Q- 


Q+ 

- V2p-2 -^ 

~ V2p-l ^- 

-V2p 

-^ V2p+1 


Out of these modules, the types (I) -(11) are cyclic, while the zig-zag modules are not cyclic 
except for the following identifications which exhaust all the isomorphisms of the modules in 
the list: 

l = Z^ = Z\ E+ = Z2, E- = Z2, = 


C. Multiplication law of liftable cyclic modules. It follows |FKVj that the tensor 
product of two liftable cyclic sl(l|l)-modules is again a direct sum of cyclic ones. More 
precisely, we have, adapting Prop. 2.3 of loc. cit. from the case of 0l(l|l): 

Proposition 3.2.3. Omitting the trivial identifications I ®V = V, the multiplication law 
of liftable cyclic 5l{l\l) -modules is the following : 


1> 


ly ~ 




Ia+a' © 2a+a'5 if ^ 0, 

n, i/ A + A' = 0; 

~ 2 -Ea; 

1=^ ® 1=^ ~ 1=^ © 1=^, 

1^ © E~ ~ 11; 

1a ©n° ~ 3-1 a; 

1=^ © 11° ~ 1=^ © II; 

11° ~ 1+©1I°©2-I©1~; 

1a © n ~ 4 ■ 1 a; 

1 =^ © n ~ 2-11; 

11° © n ~ 3-11; 

II © II ~ 4-11. 


□ 


D. Cohomology with coefficients in cyclic modules. For any s[(l|l)-module V we 
denote by Fr*(sl(l|l), C) the i-th cohomology of the complex of super-vector spaces 


V —^ 5[(1|1)* © P —^ A2(sI(1|1)*) © V 
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In particular it is iself a super-vector space. We denote by x,y,t E 5[(1|1)* the basis dual to 
Q+,Q_, H. According to the general rules, x,y become even generators of the Lie algebra 
cochain complex of s[(l|l), while t becomes an odd generator. 

Proposition 3.2.4. We have the following identifications: 

(a) //•(sl(l|l),I) = k [x,y]/{xy) (as an algebra). 

(b) For each A 7 ^ 0 we have iL*(sl(l|l), Ea) = 0. 

{ k • [^3] (1-dimensional space), if i = 0, 

k • [yvi + tvs] (1-dimensional space), if i = 1, 

0, ift>2. 

Proof: (a) By dehnition, / = k is the trivial 1-dimensional module, so C'*(sl(l|l), I) = 
k[x, y, t] with x, y even, t odd and with differential dt = xy. So it isomorphic to the complex 
k[x,y] ^[x,y] whence the statement. 

(b) We consider C'*(s[(l|l), Ea) as a dg-module over the dg-algebra C*(s[(l|l), k) = 
k[x, y, t] This module is free of rank 2 if we forget the differentials. To prove that this 
module is acyclic, it is enough to assume k algebraically closed. Under this assumption, we 
can look at the hbers 


Fp = U*(sI(1|1),Ea)) ®kp,y.i] kp 


of C*(s[(l|l), Ea) at various k-points p of Spec iL*(s[(l|l), k). Each such hber Fp is a Z/2- 
graded complex, i.e., a Z/2-graded vector space with differential d of degree 1. The total 
dimension of Fp is twice the rank of the dg-module, i.e., is equal to 4. 

In order to prove that U*(sl(l|l), Ea) is acyclic, it is enough to prove that Fp is acyclic 
for each p. Now, p is a pair {xo,yo) with xo,yo £ k and xoPo = 0. Let us consider the 
most degenerate situation xq = yo = 0 (the case when xq or y^ is nonzero being similar). 
Assuming p = (0, 0), we hnd that Fp is identihed with the Z/2-graded complex 



which is acyclic. 

To prove (c), let U be the universal enveloping algebra of s[(l|l), so that for any s[(l|l)- 
module M we have iL*( 5 l(l|l), M) = Ext^(k, M). Note that El is identihed with U/{H), see 
fl3.2.ip and so has a 2-term resolution 


(3.2.5) 


0 


H 


Lemma 3.2.6. We have 
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Proof of the lemma: Consider the t/-module U[H~^] = U ®k[H] H~^]. Considering k 

and U[H~^] as k[i7]-niodules, we see that the groups Ext^[j:^](k, vanish. Since U- 

homomorphisms can be identihed with s[(l|l)-invariant subspace of k[if]-honioniorphisms, 
we have 

H%sl{l\l),U[H-^]) = Ext^(k,f/[hf-^]) = 0. 

On the other hand, the quotient U[H~^/U is identihed, as an tZ-module, with the graded 
contragredient module Homk(t/, k), which implies that 


dim W{slil\l),U[H-^]/U) 


1 , ii i = 0, 

0 , otherwise. 


Now, the exact cohomology sequence of the short exact sequence 


0 ^ 


U[H-^] U[H-^]/U 0 


implies the lemma. □ 

We now prove part (c) of Proposition 13.2.41 The statement about i.e., about the 
space of s[(l|l)-invariants in El, follows at once from the dehnition of the diamond module 
in Proposition 13.2.21 Further, it is immediately to see that yvi + tv^ is indeed a 1-cocycle of 
s[(l|l) with coefficient in El and that it is not a coboundary. Using the exact cohomology 
sequence of the resolution fl3.2.5p . we conclude that there can be no other cohomology. □ 
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4 Proof of the Simple Spectrum Theorem 

This section is dedicated to the proof of the main theorem 11.3.71 The general outline of 
the proof is similar to the proof of the Euler characteristic analog 12.1.11 First we prove the 
statement for the standard Borel subalgebra, then via a sequence of reflections extend it 
to the case of an arbitrary Borel. And finally deduce the result about arbitrary parabolic 
subalgebras by relating it to the Borel case by a Hochschild-Serre spectral sequence. 


4.1 Standard Borel 

Let g be a Lie superalgebra, and / C g be an ideal. Then we have the Hochschild-Serre 
spectral sequence (cf. |Mn] ) 

(4.1.1) EP = //'(s//, k)) ^ k). 


We apply it to the case when g = n = Ue is the nilpotent radical of the standard Borel 
subalgebra of upper triangular matrices in g[(mo|mi)- We denote Vg = = k™!. 

Further, let I, rii, 1 x 2 be the following subalgebras of n: 


I = 




n2 = 



n n. 


Thus rii and n 2 are classical (non-graded) nilpotent Lie algebras, namely the nilpotent rad¬ 
icals of the standard Borels in gt(mo) and gl(mi). Further, I is an odd abelian ideal in n, 
identified, as an rii © n 2 -module, with Vg ® Vj*. We may identify the quotient n/I with the 
direct sum rii © n 2 . Since / is a purely odd abelian Lie superalgebra we have, applying the 
Cauchy formula, the following identihcation of Ui © n 2 -modules: 


a 


Here the sum is over all partitions a, similarly to (\2.2.2\) where we used the same formula at 
the level of characters. 

Notice that Ui acts only on the first factor in the last sum, and n 2 acts only on the 
second factor, so the cohomology groups in E 2 of the Hochschild-Serre spectral sequence can 
be written as 


a i-\-j=p 

The classical Kostant theorem 11.3.61 tells us that the weights of iL*(ni,S"Vy) are precisely 
the vertices of the permutahedron w{a+pmQ)—Pmo, and similarly the weights of S"1A) 

are precisely the w{a + — pmi- Observe that these sets are disjoint for different a. Now 

the differential dr in the Hochschild-Serre spectral sequence for r >2 goes from the row q to 
g — r + 1, but g = lex I, so the spectral sequence degenerates at E 2 . And the theorem follows. 
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4.2 Arbitrary Borel: outline of the proof 

Suppose M > N. Let vr be an (M, iV)-shuffle, in this and the next sections we will establish 
Theorem 11.3.71 for p = b^r. We proceed by induction on the length of tt. As before let tt' 
be another shuffle that differs from tt by one transposition of neighboring elements i and j, 
that is 7r(j) = 7r(i) + 1. Assume that theorem holds for b^r and for all Borel subalgebras in 
g[(M — 1|A^ — 1). We will show that it also holds for bj^/. Notice that the basis of induction, 
the case of gl(M — A^|0), follows from the classical Kostant theorem. 

A. Main objects. We start by introducing the main objects that appear in the proof. 
Onr situation is that of an “odd reflection”, familiar in representation theory of simple Lie 
superalgebras, see |Se2][Se3j |Mul §3.5]. 

Consider the Lie snperalgebra L generated by the nilpotent radicals and in 
qI{M\N). The structnre of L can be understood from Fignre [H More precisely, this fig¬ 
ure represents the conjugate subalgebra 


L_ 

h 

h(l|l) 

L+ 


J2 


Figure 1: The structure of L. 


The direct sum 

t/i © J2 © T3 © L_|_ © L_ = Utt n Utt' 

is an ideal in L. The center sqnare 5l(l|l) is a subalgebra spanned by eij,eji,h = [eij,eji\. 
The whole Lie snperalgebra L is a semidirect snm 

(4.2.1) L = s[(l|l) K (n^ n n^/). 

The subalgebra 

J := A © J2 © J3 = (n.^- n 

is the nilpotent radical of a Borel subalgebra in gl(M — 1|A — 1). Note that J commntes 
with s[(l|l), as indicated by the second equality above. 

We denote the basis of the dnal space sl(l|l)* by 

h , X ^ijy y 
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so in the cochain complex C'*(s[(l|l)) we have the relation dt = xy. Using the decomposition 
fl4.2.1l) . we will view x, y, t as elements of the dual space L*. 

Proposition 4.2.2. The relation dt = xy holds also in C*{L) as well. 

Proof: This is because h is not obtained as a commutator in L in any way essentially different 
from h = [cij, Cji]. □ 

B. Main steps of the proof. We now present the list of main results that lead to the 
proof. These results will be proved one by one later, unless the proof is immediate and 
presented right away. 

Recall that C*{L) is a commutative dg-algebra, and we denote by {t^dt) the (dg-)ideal 
in this algebra generated by t and dt = xy. 

Proposition 4.2.3. The natural projection 

q: C'{L) C*{L)/{t,dt) 

is a quasi-isomorphism. 

Proposition 4.2.4. The restriction map C'{L) —>■ C*(n^) induced by the embedding Utt ^ 
L, annihilates the ideal (t, dt) and gives a short exact sequence of complexes 

0 ^ C'{n^:)y C'{L)/{t,dt) ^ 0. 

Proof: This follows immediately by inspecting the Lie superalgebras involved and their 
cochain complexes. 

□ 

Propositions 14.2.31 and 14.2.41 show that the Lie superalgebra L can be seen as “interpo¬ 
lating” between and Utt', as far as the cohomology is concerned. 

Recall that we are studying the spectrum of various cochain and cohomology spaces, i.e., 
their decoomposition under the action of T = the maximal torus in GL{M\N). It 

will be useful to focus in particular on the weight decomposition with respect to h E Lie(T). 
That is, for any T-module V and any c G Z we denote 

:= 0 Ua 

AgTV, \{h)=c 

the space of h-weight c. We write for the subspace of h-weight 0, i.e., for the 

kernel of h. 

Proposition 4.2.5. The embedding ^ C*{L) is a quasi-isomorphism. 

Consider now the restriction map from the chain complex of L to that of s[(l|l) © J, and 
denote by 

(4.2.6) p: C%L)’^ C'*(sl(l|l) © J)'* = C'’(sl(l|l) © J) 

the induced map on the h-weight 0 parts. 
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Proposition 4.2.7. The differential 6 = ih of degree —1 given by the contraction with h, 
makes (together with the cochain differential d), both C*{L)^ and C'*(5[(l|l) © J) into mixed 
complexes, and p is a morphism of mixed complexes. 

Proof: In C*{L), as in the cochain complex of any Lie algebra, we have the Cartan formula 

[d,ih\ = Lie/i, 


where Lie/i is the operator induced by the coadjoint action of h on L*. So in the h-weight 0 
part we have [d, 5] = [d, z/i] = 0. □ 

Proposition 4.2.8. Both C*{L)^ and C'*(s[(l|l) © J) are formal mixed complexes, and p is 
a spectral morphism. Therefore (Corollary \3. 1.1 ID, we have an isomorphism of T-modules 


H'{L) = H'{Lf ~ i7’(sl(l|l)© J) = 


Remark 4.2.9. The previous constructions and results can be seen as “materialization” 
of the argument in 1 12.3lli)l more precisely, of Lemma 12.3.61 which compares the Laurent 
expansions of the rational function in two adjacent regions in terms of a function of 
a smaller number of variables and a ^-function. More precisely, the cohomology spaces 
//•(sl(l|l)) = k [x,y]/{xy) “materializes” the ^-function, since the T-weights of this coho¬ 
mology form an arithmetic progression inhnite on both sides. The Lie superalgebra J, being 
the nilpotent radical of a Borel in 0 [(M — l|iV — 1), gives, as the generating series of H*{J), 
an expansion of a rational function of smaller number of variables: the analog of the func¬ 
tion from Lemma 12.3.61 The equality in part (a) of Lemma 12.3.61 is now upgraded 

to the short exact sequence of Proposition 14.2.41 combined with the quasi-isomorphism of 
Proposition 14.2.31 and the isomorphism of T-modules of Proposition I4.2.81 

We now rehne Proposition I4.2.4I as follows. 


Proposition 4.2.10. The long exact seguence of cohomology associated to the short exact 


seguence of complexes from Proposition f.2.f gives: 


(a) On the part with h-weight c ^ 0, isomorphisms of T-modules 




h=c 


(b) On the h-weight 0 part, short exact seguences of complexes 

0 ^ ^ Hp{L) -- ^ 0 . 

(Note that H*{L) = by Proposition \4.2.5[ ) 
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C. Completion of the proof modulo the main steps. Assuming results of n^Bl the 

proof of Theorem 11.3.71 for p = b-^i is completed as follows. 

By inductive assumption, has simple spectrum. So the isomorphisms of Proposi¬ 
tion |T]2lT0](a) imply that the spectrum of the part of with non-zero h-weight is also 

simple. 

Let us concentrate on the part of zero h-weight. Recall that J is the nilpotent radical 
of a Borel in g[(M — 1|A^ — 1), so by our inductive assumtion, H*{J) has simple spectrum. 
Denote by axiCXy G the T-weights of x and y. Then = —oty and the subgroup 
Z • Oj. C is linearly independent with the subgroup of weights lifted from the maximal 
torus in GL{M — 1\N — 1). Therefore the isomorphsm of Proposition l4.2.8l implies that H*{L) 
has simple spectrum. Now, the short exact sequences from Proposition I4.2.10lf bl imply that 
has simple spectrum, since it is a T-submodule of H*{L). □ 

4.3 Arbitrary Borel: end of proof 

A. Proof of Proposition 14.2731 Let I = (t, dt) C C*{L). Here we prove that q\ C*{L) 
C*{L)/I is a quasi-isomorphism. 

Consider the hltration of the graded algebra C*(L) by the powers of the ideal I. The 
associated graded algebra grjC*(L) is isomorphic to the tensor product C*{L)/I ® ^’(A), 
where A is the acyclic complex {t dt}. All symmetric powers of A are also acyclic, hence 
the quotients of the hltration for p > 1 are acyclic as well. This implies that the 

map in question is indeed a quasi-isomorphism. 

B. Proof of Proposition 14.27^ Here we prove that the embedding C'*(L)^ ^ C*{L) is a 
quasi-isomorphism. We start with a general reminder. 

Let 0 be a Lie superalgebra and f) C g a Lie sub (-super) algebra. Then we have the 
Hochschild-Serre spectral sequence 

(4.3.1) ii;r = iL'^(f),A^>(g/f))*) 

See |Fu] for background. If f) is an ideal, then the i?> 2 -part of this spectral sequence is 
identihed with fITXTD . 

We apply this to g = L and f) = sl(l|l), so that g/f) is identihed with H n^/. Let us 
look at the structure of A*(n^ fi Utt')* as a representation of s[(l|l). Notice that (n^ fi Utt')* 
is a direct sum of the sl(l|l)-representations of types 

k = I, = Ei, (k^l^)* =ll_i. 

Therefore all the representations of 5 [( 1 | 1 ) appearing in the sequel (being derived from these 
three by tensor operations) are liftable (possess a Z-grading rehning the Z/2-grading). Using 
the multiplication table in Proposition 13.2.31 we hnd that each tensor power and therefore, 
each exterior power of (n^ fl n^')* decomposes into sum of representations of types I, E,- 
(r 7 ^ 0 ) and 11 only. 
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According to Proposition 13.2.41 the cohomology of sl(l|l) with coefficients in r ^ 0, 
vanishes. Fnrther, the h-weight of the 5l(l|l)-cohomology with coefficients in I and HI is zero. 
This follows because h acts trivially on these representations as well as on 51(111) itself (lies 
in the center). Therefore the spectral sequence is trivial in non-zero h-weight, which in turn 
implies Proposition 14.2.51 

C. Proposition l4T2.8t formality of C'*(sl(l|l)©J). Here we prove the part of Proposition 
14. 2. 81 which says that C'*(sl(l|l) © J) is a formal mixed complex. In fact, we establish a more 
detailed statement to be used later. We start with a general lemma. 

Lemma 4.3.2. Let {C*,d,6) be a mixed eomplex, which is free as a A[S]-module. 

a) The canonical map H^iKeid) —)■ HC^(C*) is an isomorphism. 

b) Let c G Ker (5 be a cocycle with respect to d. Because of the freeness assumption there 
exists c G C*, such that S(c) = c. Then the cohomology class of dc is independent of 
the choice of c and under the isomorphism of (a) is identified with u ■ [c] E HC*(C*). 

Proof: (a) By the assumption of the lemma the rows of the Connes bicomplex BC are exact, 
except at the hrst term. So the corresponding hrst quadrant spectral sequence has = 0, 
if g > 0 and = Ker((5: —)■ which implies the statement of the lemma. 

(b) Let c + Sc' be another lift, then d{c + SP) — dc = dSd is a boundary in the complex 
Ker 5. The identihcation with u ■ [c] follows immediately from the dehnition of the Connes 
bicomplex. 

Proposition 4.3.3. We have the isomorphism 

HC*(C'’(sl(l|l) © J)) ~ k[x,y] ©k H*{J,k), 

such that the multiplication by u in the cyclic cohomology corresponds to the multiplication 
by xy on the right hand side. In particular, C*(s[(l|l) © J) is formal. 

Proof: The mixed complex (C'*(s[(l|l) © J,d,ih) can be represented as a tensor product of 
two mixed complexes (i.e., both d and S are extended to the tensor product by the Leibniz 
rule): 

C’(5[(l|l)© J) = C'’(sl(l|l))©kC'’(J) = 

= (^k[x,2/,t], d = xy^, ^ d,S = 0^. 

So the complex Ker5 is isomorphic to k[x,y] © C*{J) with dx = dy = 0, which implies 
the isomorphism claimed in the proposition. Since C'*(5[(l|l) © J) is a mixed complex with 
algebra structure it is enough to show that u ■ 1 = xy, which is clear from St = 1 and 
dt = xy. Now, the polynomial ring k[x, y] is free as a k [a:?/]-module, and formality follows 
from Proposition 13.1.Tf a). □ 

D. C*{L) as a double complex. Here we present some preparatory constructions to be 
used in the proof of the remaining parts of Proposition 14.2.81 
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In the general situation of n° [Bl assume, in addition, that g = f) k t is a semi-direct 
product of a subalgebra 1) and an ideal t. Then the Hochschild-Serre spectral sequence 
fl4.3.1l) comes from the fact that C*(g) is realized as the total complex of a double complex. 
More precisely, 

C-(g) = 

is nothing but the cochain complex of f) with coefficients in the cochain complex of t (on 
which 1) acts). Unravelling the dehnition, we see that 

C’(g) = Tot(C'”, d', d"), where = C^il) ®k d' = dt® Id, 

and di is the cochain differential of t. The differential d” is the cochain differential of f) with 
coefficients in A*(U) as an li-module. In particular, if f) is abelian, d” is the standard Koszul 
differential corresponding to a family of (super)commuting operators. 

We apply this to the case g = L, with the basis formed by the matrix units Cki and the 
element h. We take 1) = k • Cj-j. It is a 1-dimensional (odd) abelian Lie subalgebra. Let also 
t be the subspace in L spanned by all basis elements other than e^j. Then i is an ideal and 
g = f) K L We recall that y is the dual basis element corresponding to Cjt, so C*{\)) = k[|/] 
is the usual polynomial algebra. The dg-algebra C*{L) then contains k[|/] as a subalgebra 
and is free as a k[|/]-module. The space of free generators is canonically identihed with 
C*(t) = C*{L)/{y). The above representation of C*(g) as a double complex amounts to 
rehning the Z-grading on C*{L) to a Z^-grading, by putting 

(4.3.4) CP{L) = 0 U™, U™ = {C\L)/{y)Y-^ • y^. 

q 

Further, the Koszul differential corresponding to the action of the 1-dimensional abelian 
subalgebra 1) is the operator induced by the coadjoint action of Cji. We denote this operator 
by ly = LiOe^... So we obtain the following. 

Lemma 4.3.5. With respect to the decomposition fl4.3.4p . the differential in C*{L) splits 
into the sum d = d + iy, where d is the differential in C*{L)/{y) and iy = Lieg .. In other 
words, C*{L) is represented as the total complex of the double complex {C** (L), d, iy). □ 

E. Proposition 14.2.81 spectrality of p. Here we prove that p is a spectral morphism. 
For this, we apply the double complex realization of n° |D]to various subcomplexes in C*{L). 
Furst, we apply it to h-weight 0 part C*{L)^. Second, we denote by K the kernel of the 
restriction morphism p. We note that p is surjective so that we have a short exact sequence 
of mixed complexes 

(4.3.6) 0 ^ W ^ ^ ^^*(51(111) © J) ^ 0. 

The double complex construction applies to K as well. In particular, we note the following. 

Corollary 4.3.7. The complex K is a free module over k[p] and can he represented as the 
total complex of the double complex {K**, d, iy), where = (iF*/(p))^“'^ • □ 
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Lemma 4.3.8. The cyclic cohomology HC*(i^) is a torsion k[u]-module. 


Proof: Using the same argument as in Proposition 14.3.31 we see that the multiplication by u 
in HC*(iP) coincides with the multiplication by xy. Therefore, in order to show that it is a 
torsion k[ti]-module it is enough to establish that it is a torsion k[|/]-module. 

Consider the localized complex K[y~^] = K ®k[y] ^[y,y~^]- By Corollary I4.3.71 we may 
think of K[y~^] as the total complex of bicomplex K, with rows ~ K/yK, for all g G Z, 
with horizontal differential induced from K, and vertical differential given by the action of 
p 

Cy. 

Suppose the columns of this bicomplex are exact with respect to the vertical differential. 
Then the associated spectral sequence trivializes at Ei, so that cohomology H*{K[y~^]) = 0. 
This in turn implies vanishing of the cyclic homology of K[y~^], which can be seen using the 
spectral sequence fl3.1.4p . Hence HC*(i^) is a torsion k[|/]-module. 

Exactness of the columns follows from the next lemma. 

Lemma 4.3.9. The complex K/yK is free as a A[^y\-module. 

Proof: Since C*(s[(l|l) © J) is a free k[j/]-module we have the short exact sequence: 

K/yK -.C-(L)V(l/) — C'-(5[(l|l) © J)/{y) . 

Note that we have an isomorphism of A[f'j^]-modules 

^•( 51 ( 111 )© J)/(i/) ~ A*(sl(l|l) 72 /)©kA*(J*). 

Notice further that A*(J*) has trivial action of ^y. On the other hand, s[(l|l)*/|/ is a free 
A[7]-niodule, and therefore A^°(sl(l|l)*/|/) is again a free A[7]-niodule. This means that 
U*(s[(l|l) © J)/{y) is the direct sum of a free A[7]-niodule and a trivial module isomorphic 
to A'(J*) = A°(sl(l|l)7i/) © A*(J*). 

We will prove that the ^-trivial parts of C*{LY/{y) and of 0*(s[(l|l) © J)/{y) are 
identihed by the map p, thus showing that K/yK = Ker(p) is free. Indeed, we have 

C\Lf/{y) ~ A7s[(l|l)7g)©A*(L;©L7©A7W). 

Note that L+ © L_ (and so its dual L*_) is a free A[7]-niodule. Indeed, the action on 
L_ sends Ckj to e^j, identifying the two columns constituting L_ in Fig. [1] Similarly, the 
action on L+ identihes the two rows constituting L+ in the hgure, sending Cik to Cjk- So the 
part of U*(L)o/(p) with the trivial action of 7 is isomorphic to 

a7s[(i|i)7p)©a7l;©l*_)©a7W) = A *{ r ) 

and p maps it isomorphically to the ^-trivial part of C*(s[(l|l) © J)/{y). Therefore K/yK 
is a free A[7]-niodule. 

□ 
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This establishes Lemma 14.3.81 as well. Therefore HC*(iL)[M“^], the periodized cyclic 
cohomology, vanishes. Now the fact that p: C*{L)^ C*( 5 [(l|l) 0 J) is spectral, follows 

from the long exact sequence for cyclic cohomology. 

F. Proposition l4.2T8t formality of C‘{L)^. Here we finish the proof of Proposition 14.2.81 
by showing that C*{L)^ is a formal mixed complex. 

According to Proposition IS.l.Tf ai we need to show that HC*(C*(L)^) is a free k[M]- 
module, in other words, that multiplication by u has no kernel. Using the same argument 
as in the proof of Proposition 14.3.31 we find that multiplication by u is equivalent to mul¬ 
tiplication by xy. Therefore it is enough to establish that x and y are not zero divisors in 
HC’(U*(L)'*). 

First assume that we know that y is not a zero divisor. The the formality follows from 
the next lemma. 

Lemma 4.3.10. Assume that multipliation by y is injective on HC*{C*{L)^), then multipli¬ 
cation by X is injective as well. 

Proof: Consider the following commutative diagram: 


HC*(C’(L) 


HC'(C'’(L) 


h\ 'r 






0 k[x,y,y 


-11 


h\ 


AiC-{C-{L)^)[y 




0 k[x,y,y 


-n 


The map 7 is the canonical map induced by localization, and since y is not a zero divisor, 
7 is injective. We have seen before (see the proof of Lemma I4.3.8P that the cyclic coho¬ 
mology of the localized complex K[y~^] vanishes, so that HC*(C'*(L)o)[i/“^] is isomorphic 
to HC*(C*(s[(l|l) © J))[y~^], which in turn in virtue of Proposition 14.3.31 is isomophic to 
0 k[x,y,y-^]. 

Now, multiplication by x is clearly injective in H*{J) 0 k[a;, p, y~^]. Combining this with 
injectivity of 7 we find that x is not a zero divisor in HC*(C'*(L)^). □ 

Denote by Z the kernel complex Keri^: C*{L)^ —>■ C*{L)^, which by Lemma [4.3.21 com- 
putes the cyclic cohomology of Let us apply the double complex construction of n° 

m to Z and denote the resulting double complex (refining Z) by Z** . The columns of Z** 
are isomorphic to Z/{y). 

Lemma 4.3.11. The canonical projection C*{L) — )■ C*(n,r) restricted to Z induces isomor¬ 
phism Z/{y) ~ C'*(n 7 r)^. 

Proof: The statement follows immediately from: 

Z/{y) = KeTtf,/{y) ^ C-{L)^/{t,y) ^ □ 

Proposition 4.3.12. The spectral sequence attached to the double complex Z** degenerates 
at El. In particular y is not a zero divisor in H*{Z) ~ HC*(C'*(L)^). 
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Proof: Notice that k)^ for all p > 0. Let us fix weight A with 

respect to the action of the torus T such that X{h) = 0, and restrict to the A-isotypical 
component. We have 

{Er)x = H-{n^,k),_,^y, 
where ay is the root corresponding to y. 

Now, the explicit formula of Theorem 12 .3.2 1 implies that values of the Euler characteristic 
of H*y,k)x-pay, are either {0,+1} for all p > 0, or {0,-1} for all p > 0. By inductive 
assumption on the k) this implies that the cohomology in weights A — pay is concen¬ 

trated either in even or odd total degree (here by total degree we understand the degree in 
S'*(n*[—1])). Notice also that the total degree of y is 2 . Therefore the A-isotypic part of the 
spectral sequence can not have non-zero differentials, and since A was an arbitrary weight 
satisfying A(h) = 0, the proposition follows. 

□ 

This establishes the fact that t = xy is not a zero divisor in HC*(C*(L)^) and therefore 
C*{L)^ is a formal mixed complex, thus completing the proof of Proposition 14.2.81 

G. Proof of Proposition 1^2.101 We include the short exact sequence of Proposition 14.2.41 
into a commutative diagram of short exact sequences 

0-- (f, y) ■ C\L) -^ C-(L)-- C-(L)/(f, y) -- 0 

(4.3.13) q' <? 

0-- y ■ C'M -- C*(L)/(f, dt) -- C*(n^)-- 0 

Here the vertical maps are the canonical projections, q is the quasi-isomorphism of Propo¬ 
sition I4.2.5[ the right vertical arrow is the identity, and g', the restriction of g, is a quasi¬ 
isomorphism since the two other vertical arrows are. 

Proposition 14.2.101 is a statement about the long exact sequence (LES) of cohomology 
associated to the bottom row in fl4.3.13p . Part (a) follows at once from Proposition 14.2.51 
since for c 7 ^ 0 

HP{C\L)/{t,dt)f^^ = if^'(C'’(L))'^=" = 0, peZ, 

the cobondary maps in the long exact sequence of cohomology are the required isomorphisms. 

Let us prove part (b). For this we look at the h-weight 0 part of the entire diagram 
(14.3. 13p . We need to prove that the coboundary maps in the LES associated to the bottom 
row are zero. Because the vertical arrows are quasi-isomorphisms, this is equivalent to 
showing that the coboundary maps in the LES associated to the top row are zero. By 
Lemma 14.3.111 the top row contains a short exact sub-sequence 

(4.3.14) 0 —)■ yZ —)■ Z —)■ Z/yZ —)■ 0, 

with the same rightmost term Z/yZ = C*{x\.y. We view this subsequence as a partial 
splitting of the top row of the h = 0 part of (14.3. 13p and conclude that the coboundary 
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maps associated to that top row factor through the coboundary maps associated to fl4.3.14p . 
But Proposition 14.3.121 means that the maps HP{yZ) —)■ Hp{Z) are injective, and so the 
coboundary maps HP~^{Z/yZ) —)■ HP{yZ) are zero. This completes the proof. 

4.4 Arbitrary parabolic 

Our argument will be a rehnement of that in §2.5[ but to visualize the situation, we switch 
back to the (equivalent) notation of §1.21 That is, we denote by ri,... ,r„, the dimensions 
of the vector spaces Id* = k*'* (some of which may be 0). We consider the Lie superalgebra 
n = n(ld*) = Hom(ld*, W) formed by block upper triangular r by r matrices, with the 
parity of the summands induced by the parity of i and j. We will prove that the GL(y*)- 
spectrum of H*{n) is simple. Note that n is embedded into the Lie superalgebra m formed 
by matrices which are strictly upper triangular in the usual (not block) sense. This m is 
the nilpotent radical of a Borel subalgebra b in 0 t(ro|rj) containing n, and we know that 
T-spectrum of H*{m) is simple. 

Let Urn denote the nilpotent radical of the standard Borel in 0 l(m), i.e., the usual Lie 
algebra of strictly upper triangular matrices. In this notation, we have a semidirect sum 
decomposition 

m = u X n, u := Uri © • • • © u,.„ 
and the corresponding spectral sequence 

(4.4.1) Ef = HP{u, H^{n)) => i7P+'?(b). 

We identify, as modules over GL(y*), 

H’^(n) = 0S[“l(y)®"w, 

[a] 

with some yet unknown multiplicities Here [a] = ..., a*-**^) runs over sequences of 

dominant weights for the GL(ld*). By the classical Kostant theorem, we have an identihcation 
of T-modules 

n 

(4.4.2) ^ © 0 

w-i^Sri,---,Wn^Srn 2=1 
/(tni)H- \-l{wn)=P 

Here we identify T = HILi ^ character A G write for the corresponding 

1 -dimensional representation. 

Now, it follows from the observation of 1 12.51 for different sequences [a] the supports of 
the T-modules given by the RHS of f|4.4.2p do not intersect: their characters are given by the 
product polynomials Pa{s) from fl2.5.ip . Therefore the only possibility for the differentials 
of the spectral sequence fl4.4.ip is to act between the spaces fl4.4.2p with the same a and 
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different p. Each differential increases p by 2 or more and is T-equivariant. Now, for different 
p, the subsets 


Ap = {w = (wi,..., e X • • • X S',.„ I '^l{wi) = p} 

are, obviously, disjoint. Therefore applying w from different Ap to the sequence of strictly 
dominant weights we will never get the same weights. Therefore all the differentials 

in the spectral sequence are trivial. It further follows that if 1 for some p, then there will 
be a T-isotypic component of H*{m) with multiplicity > 1 which is impossible. This hnishes 
the proof. 
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